We consider three-level V-type systems describing devices consisted of an atom (or an atom-like structure) and an optical cavity. We prove that a qubit encoded in excited states of such V-type atom cannot be perfectly transferred to the state of the cavity field mode using single rectangular laser pulse. This is another important drawback of three-level V systems, beside the obvious drawback, i.e., spontaneous emission from excited states. We also present the state-mapping protocol, which performs state-mapping operation with arbitrarily high fidelity.
INTRODUCTION
Optical fibers and quantum memory elements as atoms, ions or quantum dots are essential components of many devices, which have been proposed or demonstrated over past ten years [1] [2] [3] [4] [5] [6] [7] . These devices combine advantages of photonic states, which are perfect longdistance carriers of quantum information, and long-lived states of atoms or atom-like structures, which are perfect as a quantum memory. Since a quantum information has to be encoded once in long-lived states and once in photonic states, a state-mapping operation often plays an important role in a quantum information processing, and therefore, it is worth to study this operation. The state-mapping operation requires a two-photon Raman transition involving an auxiliary level because there is no direct, strong coupling between long-lived states. Typically researchers use stimulated Raman adiabatic passage (STIRAP) because of robustness of this technique against different experimental imperfections. However, if the state-mapping operation has to be really fast then STIRAP is not a proper choice, since pulses should vary slow enough to fulfill the adiabaticity criterion. If computational speed is very important then the state-mapping operation via Raman transition should be based on Rabi oscillations between two states, in which qubit is encoded. This method is much more demanding than STI-RAP but it is probably that the near future technology will satisfy its all requirements. In the paper [8] authors have discussed quantum operations via Rabi oscillations performed in a three-level system in Λ-configuration with focus on improving fidelity. The authors have shown that it is possible in this system to achieve high enough fidelity to make these operations useful in future quantum computations, i.e., the authors have shown that one can achieve the fidelity differing from unity by 10 −5 , required by large quantum algorithms [9, 10] . Such high fidelities are a result of using fine tunning technique, which prevents a reduction of the fidelity by the population of the auxiliary level.
In this paper, we consider the state-mapping operation performed in a V-type three-level system, because such systems are considered as candidates for qubits [11] [12] [13] [14] [15] [16] . Here, we investigate if the state-mapping operation in Vtype systems can be fast and if the fidelity can be high enough to make such systems useful in large quantum algorithms.
THE MODEL
The state-mapping operation is performed using a device, which is formed of an atom (or an atom-like structure) trapped inside a cavity. This atom or atom-like structure plays the role of memory component and we assume that it can be modeled by a three-level system in V-configuration. The setup and the level scheme are sketched in Fig. 1 . The quantum information is encoded in superposition of two excited levels |0 and |1 . We can operate on this quantum information using two transitions to the intermediate level |2 , which is the ground level. The first transition |1 ↔ |2 is coupled to the cavity mode with a frequency ω cav and coupling strength g. The second transition |0 ↔ |2 is driven by a classical laser field with a frequency ω L and coupling strength Ω. The classical laser field and the quantized cavity mode are equally detuned from the corresponding transition frequencies by ∆ = (E 0 − E 2 )/h − ω L . The V-type level configuration cannot be considered as an ideal memory because, contrary to Λ-type system, an qubit is here encoded in superposition of two excited states, and thus, the time of storage of a quantum information is limited by the spontaneous emission. Spontaneous emission rates from levels |0 and |1 we have denoted by γ 0 and γ 1 , respectively. However new technology shows that it is possible to build devices where the coherent coupling strength is much greater than the spontaneous transition rate. In Ref. [17] the coupling strength g between quantum dot and the microcavity mode is 80 times greater than spontaneous emission rate γ for the same transition.
Such great values of g compared to γ are possible for microcavities since g is inversely proportional to the square of the cavity mode volume. Unfortunately, the cavity decay rate κ increase with decreasing the cavity length, and therefore, κ > g in [17] . Nevertheless it is reasonable to assume that the finesse of microcavities will be improved in the future and coherent coupling will dominate all dissipative rates. The Hamiltonian that describes the interaction of the quantum memory component (an atom or a quantum dot) with the cavity field mode is given by
where σ ij = |i j| denote the atomic flip operators and a denotes the annihilation operator of the cavity mode.
NONEXISTENCE OF PERFECT MAPPING PULSE FOR V SYSTEMS
Let us consider the case of unitary evolution of the system, i.e., we assume that κ, γ 0 and γ 1 are equal to zero. The quantum information encoded in the quantum memory state α|00 + β|10 has to be mapped perfectly and quickly onto the cavity field state: α|00 + β|01 . Here we have denoted a state of the system consisting of the memory state |j and the cavity field with n photons by |jn . So we have to perform quantum operation defined by |10 → |01 and |00 → |00 . Is it possible to achieve this task using the evolution governed by the Hamiltonian (1)? Let us investigate this problem. The evolution of the state |10 is given by
where
with ν = (∆/2) 2 + Ω 2 + g 2 and
From equations (3) one can see that the population of the state |10 will be fully transferred to the state |01 if three conditions will be satisfied, i.e., g = Ω, sin ν t = 0 and f (t) = 2. Taking into account two first conditions we can express the third one in the form
Equation (5) leads to discrete set of detunings [8] 
where ζ = k/θ with natural odd number θ = 1, 3, 5, . . . and non-negative integer k = 0, 1, 2, 3, . . . . So the population is fully transferred from the state |10 to |01 if and only if the value of detuning satisfy condition (6) and the operation time t π is given by
Now it is seen from equations (2) and (3) that such a perfect π pulse is given by
One can show that the effect of the prefect π pulse on the state |01 is given by
The state-mapping operation requires also that the population of the state |00 has to remain unchanged. In case of three-level Λ systems the state |00 experiences no dynamics. Therefore, in such systems the perfect state mapping operation (also defined by |10 → |01 and |00 → |00 ) can be easily achieved. The situation, however, is considerable more complicated for three-level V systems. In V systems the time evolution is given by e −iHt |00 = e i∆/2 t (2ν cos ν t − i∆ sin ν t)|00
e −iHt |20 = e i∆/2 t (2ν cos ν t + i∆ sin ν t)|20
where ν = (∆/2) 2 + Ω 2 . It is worth to mention here that these above equations holds also for κ = 0. During the evolution described by (10) the population of the intermediate state is given by
The condition |00 → |00 is fulfilled up to phase factor if the operation time is given by
where l = 1, 2, 3, . . . is positive integer. Since the state mapping operation requires both conditions |10 → |01 and |00 → |00 , therefore operation time t π has to satisfy (7) and (13), and the detuning has to satisfy (6). These three conditions lead to a Diophantine equation
It follows from (14) that the numbers k and (θ+k) should be both odd or both even. However, the numbers k and (θ + k) will never be both odd or both even, because θ is always an odd number. Thus, the equation (14) has no solutions in natural numbers k, l, and natural odd number θ.
One can see that three-level V systems have important drawback. The fidelity of the state-mapping operation is always reduced by the population of the intermediate level (12) and therefore the perfect state mapping is impossible in three-level V type systems.
APPROXIMATE STATE MAPPING
We already know that there is no perfect statemapping operation in three-level V systems. Now we want to know if approximate state-mapping operations can satisfy the fidelity requirement of large quantum algorithms. Since computational speed is also very important thus times of these operations should be not too long. So we have to calculate σ 22 for all such k and θ, for which the operation time is shorter than some fixed time limit 200g −1 . It is seen from table (I) that there are only six different state-mapping operations, which can satisfy the fidelity requirement of large quantum algorithms F ≥ 1 − 10 −5 and take less time than the chosen time limit 200g −1 . We have only six different values of the detuning, which we can choose. It is also seen that it is possible to decrease the unwanted population of the intermediated state at the cost of longer operation time. However quantum information processing needs fast and precise state-mapping operations, and therefore, usefulness of three-level V systems in large quantum algorithms is restricted.
IMPORTANT THREE OPERATIONS
The state-mapping operation performed using single rectangular laser pulse in V-type systems cannot achieve fidelity equal to unity. The population of the intermediate state |2 reduces the fidelity. It is possible to perform approximate state mapping but such an approximate state mapping cannot be short and achieve very high fidelity at once. The problem comes from the fact that states |10 and |00 belong to orthogonal subspaces {|10 , |01 , |21 } and {|00 , |20 }. As a result, these states evolve with noncommensurate frequencies ν = (∆/2) 2 + 2g 2 and ν = (∆/2) 2 + g 2 (for Ω = g). The operations |10 → |01 and |00 → |00 require π pulse and 2π pulse, respectively. Since ν and ν are noncommensurate, duration times of these pulses are always different, and therefore, there is no rectangular pulse which can perform operations |10 → |01 and |00 → |00 simultaneously.
We can omit this problem using operations, which change only the state that belongs to the subspace {|00 , |20 } and leave the state belonging to the other subspace unchanged. We need three such operations in our protocol.
First of these operations is the intense laser pulse operation, for which the condition Ω g is fulfilled. It is clearly seen from equations (2), (3) and (10) that when laser pulse is very intensive Ω g then a(t) ≈ 1, and therefore, the state |10 experiences almost no dynamics while the population of the state |00 oscillates with a very high frequency. In the following we will assume that a(t) = 1 for Ω g. Since we need the fidelity greater than 1−10 −5 we have to estimate the error = 1−|a(t)| 2 introduced by this approximation. From (3) we see that
Re(f (t)) ≤ 2 thus the probability that the system will be found in other state than |10 is limited by
Therefore Ω/g > 633 is necessary to get the error probability smaller than 10 −5 . The effect of this operation is given by U 1 (t)|10 = |10 and
where ν 1 = (∆/2) 2 + Ω 2 . We are going to use this operation to change populations of states |00 and |20 . Second of these operations is possible when laser is turned off (Ω = 0). Then the Hamiltonian (1) takes the form
States |01 and |00 experiences no dynamics because there is no operator in the Hamiltonian (18), which can change these states. However this operation changes the |20 state
We are going to use this operation to give an arbitrary phase shift to the state |20 just by waiting for some time t with laser turning off. Third of these operations is the perfect 2π pulse (with Ω = g) defined by |01 → |01 . This is just composition of two perfect π pulses
This operation we are going to use to finish the whole protocol, after changing population of states |00 and |20 and after giving an arbitrary phase shift to the state |20 . We assume that these previous operations can prepare, up to phase factor, such a special state |Φ η = η 0 |00 + η 1 |20 that
We can calculate amplitudes η 0 and η 1 by premultiplying the equation (21) by U −1 2π = e iHt2π . In this way we get
where ν π = (∆/2) 2 + g 2 and t 2π = 2nt π . We can also write equation (22) in terms of the moduli and the arguments of η 0 and η 1
The arguments of phase factors are given by
where k is 0 or even for cos ν π t 2π > 0 and odd for cos ν π t 2π < 0.
ALMOST PERFECT MAPPING PROTOCOL FOR V SYSTEMS
The protocol that is able to achieve fidelity as close to unity as it is needed consists of four stages: (A) the populations-change stage, (B) the π pulse stage, (C) the phase shift stage, and (D) the final stage. Initially, the quantum system is prepared in the state
This protocol is quite complex, but the main idea is very simple. The effect of the whole protocol has to be equivalent to operations |10 → |01 and |00 → |00 (up to phase factors). So it is necessary to use the perfect π pulse operation (8) . However, as we already know, single π pulse operation leaves the intermediated state |2 populated. Three other stages have to fix this problem by preparing the state |Φ η and changing this state into the state |00 without spoiling the effect of the π pulse operation.
(A) the population-change stage This is the first stage of the |Φ η state preparation and the whole protocol. In this stage we turn the laser on for the time t 1 . The expression for t 1 will be given later. The intensity of the laser light has to be intense enough to satisfy the condition Ω g. This operation does not change the state |10
but changes populations of |00 and |20 states
(B) the π pulse stage
In the second stage of this protocol we change intensity of the laser light to satisfy condition Ω = g and we keep the laser on for the time t π . After this π pulse operation the |10 state will be changed according to
Of course we can repeat this operation odd number times θ without changing equation (29). This operation changes also superposition of states |00 and |20
The time of the previous stage t 1 is chosen in such a way that the moduli of amplitudes of states |00 and |20 in (30) are the same as the moduli of amplitudes in the state |Φ η . For now we assume that it is possible. We give the condition under which this assumption is valid later.
(C) the phase shift stage
After rewriting the equation (30) to its more convenient form
where Θ = θ 0 − φ 0 + (t 1 + t π + t 2π )∆/2, it is seen that we need only to give |20 an extra phase shift with respect to |00 to obtain the state |Φ η . Thus we turn the laser off for the time t φ . This operation does not affect the state |01
This operation, however, prepares the |Φ η state
(D) the final stage
At the beginning of the fourth stage the system state is given by
In this stage we turn the laser on for the time t 2π with laser light intensity satisfied the condition Ω = g to perform the 2π pulse operation. After applying the prefect 2π operation we get quantum information mapped almost perfectly on cavity mode state
EXPRESSIONS FOR t1 AND t φ
In order to give the expressions a more compact form we introduce a = sin ν π t π , b = cos ν π t π , e = sin ν π t 2π and
The first stage time t 1 is given by
2 + C and m is 0 or even for C > 0 and odd for C < 0. Unfortunately, the solution (37) exists only when conditions
are satisfied. In the above condition
2 ) 1/2 . The time t φ given by
where l is such an integer that right hand side of expression (39) is positive. Expressions for θ 1 and θ 0 are given by
where a = sin ν 1 t 1 , b = cos ν 1 t 1 , m is 0 or even for cos θ 0 > 0 and odd for cos θ 0 < 0 and n is 0 or even for cos θ 1 > 0 and odd for cos θ 1 < 0.
NUMERICAL RESULTS
The state-mapping protocol works properly only when conditions (38) are satisfied. Nevertheless there are much more solutions than approximate solutions presented in Table (I −1 is the one determined by (k, θ, θ , n) = (1, 1, 1, 2 ). This shortest protocol lasts only 23g −1 so it is above six times shorter than the shortest approximate solution. Such a short state mapping protocol is possible for small value of the detuning ∆ = 1.63g. The fidelity of the state-mapping protocol tends to unity as Ω becomes large. For example, the minimal value of fidelity (for |α| = 1) is F = 1 − 10 −5 for (∆, Ω, g)/2π = (16.33, 1000, 10) MHz and F = 1 − 2.1 · 10 −7 for (∆, Ω, g)/2π = (16.33, 7000, 10) MHz.
CONCLUSIONS
We have shown that V-type quantum systems consisted of an atom or atom-like structure and optical cavity have important drawback -quantum information stored in superposition of two excited states cannot be exactly mapped onto cavity mode state. The fidelity of such a state mapping is always reduced by population of the intermediate ground state. We have also presented the state-mapping protocol for V-type systems, which perform state-mapping operation almost perfectly, i.e., the fidelity tends to unity with increasing the intensity of the laser light in the first stage of the protocol.
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